Abstract. Rectification current in overdamped ratchets can be easily controlled by applying two driving signals and tuning either their relative phase or their frequency ratio. The interplay of the two inputs generates intriguing transport mechanisms that can be implemented to optimize shuttling and separation of particles in a variety of physical and technological applications.
Introduction
The net transport of particles moving out-of-equilibrium in an asymmetric substrate potential has been studied intensively for a variety of different systems [1] in order to achieve an efficient control of the net particle flow. The input signal, keeping the system out of equilibrium, can be either deterministic (i.e., ac drive) or random and timecorrelated (i.e., colored noise) [2] ; in particular, an ac signal can be injected so as to tilt periodically the ratchet potential (rocked ratchet [3] ) or to modulate its amplitude with time (pulsated ratchet [4] ). The ensuing net dc drift (the so-called ratchet current or rectification effect) occurring in these systems is important for several biological motors as well as for some technological applications; e.g., for particle separation techniques [5] , smoothing of atomic surface during electromigration [6] , and superconducting vortex motion control [7] [8] [9] [10] [11] [12] [13] .
In this paper we study the case of a ratchet subjected simultaneously to two ac signals with periods T 1 = 2π/Ω 1 and T 2 = 2π/Ω 2 . We focus here on the case that Ω 1 /Ω 2 is rational and do not address quasi-periodic drives [14] . We consider three distinct cases: (a) the two input signals are both additive and model a doubly-rocked ratchet; (b) both signals are coupled multiplicatively to the ratchet potential thus resulting in a doubly pulsated ratchet; (c) one signal ac drives the ratchet, while the other one multiplicatively modulates its amplitude (rocked-pulsated ratchet). a e-mail: nori@umich.edu A variety of tunable physical systems can be effectively controlled through the combined action of two (either independent or correlated) applied signals, like asymmetric SQUIDS [15, 16] and Josephson junctions arrays [17] , colloids in arrays of optical tweezers [18] , interacting binary mixtures driven on (asymmetric) periodic substrates [19] , ferrofluids [20] , dislocation transport in crystalline solids [21, 22] , electron pumping in quantum dots [23] .
The key result of this paper (see also [24] ) is that, no matter how we feed two periodic signals into a ratchet device, signal mixing determines a rich behavior of the ratchet dynamics depending on the input signal parameters (frequency, amplitude and phase). In particular, we prove that rectification of a primary signal by a ratchet can be controlled more effectively by applying a secondary (additive or multiplicative) signal with tunable frequency and phase, than by tinkering with the ratchet potential -mostly modelling an uncontrollable substrate. As in the overdamped, adiabatic regime the complication of chaos is absent, tuning the relative phase and the frequency ratio of the mixing drives provides a convenient and versatile way of inducing particle transport in a ratchet.
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Fig. 1a). Two rectangular input signals,
where ξ(t) is a stationary Gaussian white noise with ξ(t) = 0 and ξ(t)ξ(0) = 2Dδ(t), and
Note that the noise strength D is proportional to the temperature, i.e., D ∝ T . Equation (1) allows two distinct ways of coupling an additional control signal A 2 (t) to a rocked ratchet driven by A 1 (t): (a) doubly-rocked ratchet:
(b) doubly-pulsated ratchet
with
with A 2 ≤ 1.
In our analytical discussion we assume that Brownian relaxation takes place on a much shorter time scale than either both periods T 1 and T 2 (fully adiabatic), or one period, T 1 or T 2 (partially adiabatic). We also present results for the fully non-adiabatical case when both periods are comparable with relaxation time. Without loss of generality, adopting a piecewise linear substrate potential V 0 (x), like in Figure 1a , greatly simplifies our presentation.
Our results are obtain by using three different approaches.
-Direct simulation of the Langevin equation (2) . -Fully adiabatic calculations based on the FokkerPlanck equation for the probability density P (x, t) (see, e.g., [1] ):
This equation can be rewritten in a fully adiabatic approximation as
where the current j inst (t) corresponds to the Stratonovich solution and depends on the instantaneous values of A a and A m (see, e.g., [1] ). The average over the smallest common periodT for both applied signals is obtained by numerical integration:
-Analytical calculations developed for several special cases.
3 Doubly-rocked ratchet
Fully adiabatic limit
The advantage of taking the fully adiabatic limit (Ω 1 , Ω 2 → 0) is that the output j(Ω 1 , Ω 2 , A 1 , A 2 ) of a doubly rocked ratchet is expressible analytically in terms of the current j R (A) of the well-studied one-frequency rocked ratchet [3] , corresponding to setting A 1 = A, A 2 = 0 with
is the mobility of an overdamped particle running down the tilted ratchet potential V 0 (x) − Ax. By inspecting Figure 1c , one concludes that the overall ratchet current j(Ω 1 , Ω 2 , A 1 , A 2 ) results from the interplay of the two usual one-frequency currents,
, driven by the ac amplitudes A 1 + A 2 and (10) with
for any integers m, n and m > n. The φ 1 , φ 2 modulation is fully described by the multiplicative phase factor
We make now a few relevant remarks;
1. The doubly rocked ratchet current (in the fully adiabatic limit) is insensitive to
. Its intensity coincides with the "baseline" value j avg (A 1 , A 2 ) of equation (11) All these properties are illustrated in Figure 2 , where results from numerical simulation are displayed. We remark that the overall sign of our doubly rocked ratchet is always determined by the polarity of V 0 (x) (positive in Fig. 1a) , 
Partially adiabatic limit
In the partially adiabatic regime, where only one frequency tends to zero (say, Ω 1 → 0) multiple current inversions are possible (Fig. 3) . The underlying mechanism hinges on the step structure of the one-frequency rocked ratchet current of particles, travelling in a tilted potential V 0 ∓ |A 1 |x, for the non-adiabatic regime, where Ω 2 is small but finite [3] . For instance, in the limit Ω 1 → 0 the net current of the doubly-rocked ratchet (a) can be easily approximated to
where j ± (Ω 2 , A 2 ) is the average current across the static tilted ratchet potential V 0 (x) ∓ |A 1 |x driven by the rectangular signal A 2 (t). Note that for Ω 2 Ω 1 the commensuration spikes (10) can be neglected as they decay proportional to Ω 1 /Ω 2 . In order to clarify the resulting current structure (14) , in Figure 3 we consider the simplified case A 1 = A 2 ≡ A and Ω 2 Ω 1 . During one half of the longer period T 1 /2, the total ac force A a (t) switches many times either between 0 and 2A, or between 0 and −2A with frequency Ω 2 . We also assume that the higher forcing frequency Ω 2 is lower than the deterministic relaxation rate Ω q = πq/l 2 1 , i.e., the Brownian particle reaches a V 0 (x) minimum during each half period T 2 /2 when A a (t) = 0. As a consequence, the particle moves an integer number of unit cells l during each short period T 2 . A straightforward analytical calculation of the average particle velocity to the right (left) yields
f differ = Qδl/(2l 1 l 2 ), and δl = l 1 − l 2 . The analytical expression j = (v + (A) + v − (A))/2 for the ratchet current compares very well with the simulation data displayed in Figure 3a . We notice that on increasing A the resulting ratchet current develops a negative tail made of entrained rectangular teeth of the same size. Such a negative tail persists in the presence of noise, although the teeth get gradually suppressed, thus implying, at variance with the fully adiabatic limit, a robust inverted output signal. Finally, for A 2 /A 1 < 1 the particle current j depends on the driving amplitude in a much more complicated manner, though still expressible in terms of equation (14) . For a small relative difference of ac amplitudes,
A 1 , the current j(A) exhibits multiple current inversions, as seen in Figure 3b . Noise smooths out the sharp peaks in j(A) (Figs. 3a and b) .
Doubly-pulsated ratchet
Here the Brownian particle diffuses in a pulsated potential V (x, t), whose amplitude switches among four different values
, and ∆V 0 (1+A 1 +A 2 ). As m > n, let us consider the two time-dependent potentials V 0 (x)[1 − A 1 + A 2 (t)], for the half cycle A 1 (t) = −A 1 , and V 0 (x)[1 + A 1 + A 2 (t)], for the remaining half cycle A 1 (t) = A 1 : They are both pulsated at the higher frequency Ω 2 and, therefore, sustain positive currents, j p1 (A 2 ) and j p2 (A 2 ), respectively (proportional to Ω 2 2 for Ω 1 → 0, e.g., [1] ). Following the approach outlined in the previous case (a), and guided by the plots of A 1 (t), A 2 (t) in Figure 1c , one concludes that equation (10) applies to the present case, too, after replacing definition (11) with
Note that here the sign of j avg is reversed with respect to case (a). For Ω 2 = (2m − 1)Ω 1 one recognizes immediately the existence of an odd harmonics structure in the spectrum of the ratchet current, but, at variance with equation (10) , no obvious factorization between the A 1 , A 2 dependence and m, φ 2 modulation could be derived, as the adiabatic approximation is no longer tenable here. Nevertheless, even in this case, the spike amplitudes are still inversely proportional to the ratio Ω 2 /Ω 1 . Numerical simulations in Figure 4 support these predictions.
Rocked-pulsated ratchet
The mixing of an additive and a multiplicative signal provides a control mechanism of potential interest in device design. In the fully adiabatic limit, the ac driven Brownian particle can be depicted as moving back and forth over two alternating ratchet potentials
Both potential configurations V ± (x) are capable of rectifying the additive driving signal A 1 (t); the relevant net currentsj ± (A 1 ) are related to the curve j R (A) plotted in Figure 1b :
On separating the time interval (2n−1)T 1 into an uncorrelated sequence of (2m − 1) shorter driving cycles T 2 along V ± (x) (we assumed m > n, see Fig. 1c ), one eventually casts the total ratchet current in the form (10) with
where
We recall that in our notation µ ± (A) is the static mobility of the tilted potentials
It is easy to check that |∆j(A 1 , A 2 )| may grow larger than |j avg (A 1 , A 2 )| and, therefore, current reversal may take place for appropriate values of the model parameters, as shown by the simulation results of Figure 5a . In fact, a relatively small modulation of the ratchet potential amplitude at low temperatures can easily reverse the polarity of the simply rocked ratchet V 0 (x). Let us consider the simplest case possible, Ω 1 = Ω 2 and φ 1 = φ 2 : As the ac drive points in the "easy" direction of V 0 (x), namely to the right, the barrier height V (x, t) is set at its maximum value ∆V 0 (1 + A 2 ); at low temperatures the Brownian particle cannot overcome it within a half acdrive period T 1 /2. In the subsequent half period the driving signal A 1 (t) changes sign, thus pointing against the steeper side of the V (x, t) wells, while the barrier height drops to its minimum value ∆V 0 (1 − A 2 ): Depending on the value of ∆V 0 /D, the particle may have a better chance to escape a potential well to the left than to the right, thus making a current reversal possible. Of course, the net current may be controlled via the modulation parameters A 2 and φ 2 , too.
For both the doubly-rocked and rocked-pulsated ratchets, equation (10) is symmetric under m ↔ n exchange; this implies that, as long as the fully adiabatic approximation is tenable, each spectral spike (m, n) of the ratchet current is mirrored by a spike (n, m) of equal strength (see Figs. 2 and 5 ). This is not true, e.g., in the partially adiabatic regime, where the dynamics depends critically on whether Ω 1 /Ω 2 or Ω 2 /Ω 1 tends to zero.
In the partly adiabatic limit Ω 2 Ω 1 , additional current inversions are observed for the rocked-pulsated ratchet (Fig. 5b) . In order to understand the mechanism of the negative-current rectangular-shape peaks for small driving amplitudes A, let us consider the simplest possible case when A 2 = 1, i.e., the potential V (x, t) is switched off completely during the "idle" half of the shorter period (i.e., when A 2 (t) = −A 2 ). Thus, a particle, captured in a potential minimum when V (x, t) is switched on, starts freely moving to the right if A 1 (t) = A 1 or to the left if A 1 (t) = −A 1 when V (x, t) = 0. In order to move to the neighboring potential cell, the particle has to travel further than the location of a potential maximum V 0 (x) during the "idle" time. Since the left maximum is the closest one, the particle moves on average to the left for low amplitudes. The interval of amplitudes, A run < A < A stop corresponding to the first negative peak can be easily calculated by imposing the condition that the particle has enough time to reach the location of the left potential maximum during T 2 /2 but cannot reach the right one spending the same amount of time, i.e., A run · (T 2 /2) = l 2 and A stop · (T 2 /2) = l 1 . This equations provide the values A run = 0.36 and A stop = 0.84. These values perfectly agree with our simulations (see, Fig. 5b ). At higher values of A 1 the asymmetry of the potential during the "active" half of the shorter period (i.e., when the potential is switched on: A 2 (t) = A 2 ) is responsible for the rectification. Thus, the current becomes positive in agreement with the polarity of the potential V + .
Conclusions
We have presented an intriguing signal mixing approach that can be implemented to obtain directed transport on the mesoscopic and nano-scales. It might be used to optimize transport in colloidal systems, vortex matter and other soft-matter systems.
The effects discussed here should not be mistaken for a manifestation of harmonic mixing (HM) [25] [26] [27] [28] [29] [30] [31] , namely the mechanism where two or more linearly superimposed periodic input signals may develop a phase dependent dc output as an effect of nonlinearity. Transport in a binary mixture [32] allows to discriminate between nonlinearity induced signal mixing (like HM) and asymmetry induced signal mixing (like in the cases discussed here). Namely, nonlinearity and asymmetry may result in current spikes corresponding to different winding numbers of the two mixing frequencies [32] .
